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Abstract 

The class Wi of conformal Riemannian P-manifolds is the largest class of Rie- 
mannian almost product manifolds, which is closed with respect to the group of 
the conformal transformations of the Riemannian metric. This class is an analogue 
of the class of conformal Kahler manifolds in almost Hermitian geometry. In the 
present worlQ we study the natural connections on the manifolds (M , P, g) from the 
class Wi, i.e. the linear connections preserving the almost product structure P and 
the Riemannian metric <?. We find necessary and sufficient conditions the curvature 
tensor of such a connection to have similar properties like the ones of the Kahler 
tensor in Hermitian geometry. We determine the type of the manifolds admitting a 
natural connection with a parallel torsion. 
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1. Introduction 

K. Yano initiated in pQ the study of Riemannian almost product man- 
ifolds. A Riemannian almost product manifold (M, P, g) is a differentiable 
manifold M with an almost product structure P and a Riemannian metric 
g such that P 2 x = x and g(Px, Py) = g(x, y) for any tangent vectors x and 
y. A. M. Naveira gave in [2] a classification of these manifolds with respect 
to the covariant derivative VP, where V is the Levi-Civita connection of g. 
This classification is very similar to the Gray-Hervella classification in [3] of 
almost Hermitian manifolds. In the paper [J] M. Staikova and K. Gribachev 
obtained a classification of the Riemannian almost product manifolds, for 
which trP = 0. In this case the manifold is even-dimensional. The class Wo 
from the Staikova-Gribachev classification is determined by the condition 
VP = 0. A manifold from this class is called a Riemannian P -manifold. 
The class Wo is an analogue of the class of Kahler manifolds in almost 
Hermitian geometry. 

The geometry of a Riemannian almost product manifold (M, P, g) is a 
geometry of both structures g and P. There are important in this geometry 
the linear connections in respect of which the parallel transport determine 
an isomorphism of the tangent spaces with the structures g and P. This 
is valid if and only if these structures are parallel with respect to such a 
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connection. In the general case on a Riemannian almost product manifold 
there are countless number linear connections regarding which g and P are 
parallel. Such connections are called natural in [5]. 

In the present paper we consider some problems of the geometry of the 
natural connections on the class Wi from the Staikova-Gribachev classifi- 
cation. This is the class of conformal Riemannian F '-manifolds or shortly 
Wi-manifolds. The class Wi is an analogue of the class of conformal Kahler 
manifolds in almost Hermitian geometry. 

The paper is organized as follows. In Sec. 2 we give necessary facts about 
Riemannian almost product manifolds, the class Wi and the natural connec- 
tions on Wi. We recall the notion a Riemannian P -tensor on a Riemannian 
almost product manifold, which is an analogue of the notion of a Kahler 
tensor in Hermitian geometry. In Sec. 3 we obtain relations between the 
curvature tensors R and R', the Ricci tensors p and p' and the scalar cur- 
vatures r and r' of the Levi-Civita connection V and a natural connection 
V on a Wi-manifold. In Sec. 4 we find some necessary and sufficient con- 
ditions the curvature tensor R' of V to be a Riemannian P-tensor. The 
most important result in this section is the classification Theorem 14.31 In 
it there are separated two special natural connections D and D, whose av- 
erage connection is the canonical connection, introduced in [5]. In Sec. 5 
we find conditions for a natural connection with parallel torsion. The im- 
portant result here is Theorem 15.31 It characterizes a Wi -manifold with a 
natural connection, which has a parallel torsion and a Riemannian P-tensor 
of curvature. 

2. Preliminaries 

Let (M, P, g) be a Riemannian almost product manifold, i.e. a differen- 
tiable manifold M with a tensor field P of type (1,1) and a Riemannian 
metric g such that P 2 x = x, g(Px, Py) = g(x, y) for any x, y of the algebra 
X(M) of the smooth vector fields on M. Further x, y, z, w will stand for 
arbitrary elements of X(M) or vectors in the tangent space T p M at p G M. 
The associated metric g of g is determined by g(x,y) = g(x,Py). 

In this work we consider manifolds (M, P, g) with trP = 0. In this case 
M is an even-dimensional manifold. We assume that dimM = In. 

In [2] A.M. Naveira gives a classification of Riemannian almost product 
manifolds with respect to the tensor F of type (0,3), defined by F(x, y, z) = 
g ((V x P)y,z) , where V is the Levi-Civita connection of g. The tensor F 
has the properties: 

F(x, y, z) = F(x, z, y) = -F(x, Py, Pz), F(x, y, Pz) = -F(x, Py, z). 

Using the Naveira classification, in [4J M. Staikova and K. Gribachev 
give a classification of Riemannian almost product manifolds (M, P, g) with 
trP = 0. The basic classes of this classification are W\, W2 and W3. Their 
intersection is the class Wo of the Riemannian P -manifolds, determined by 



NATURAL CONNECTIONS ON CONFORMAL RIEMANNIAN P-MANIFOLDS 



3 



the condition F = (or equivalently VP = 0) [6]. This class is an analogue of 
the class of Kahler manifolds in the geometry of almost Hermitian manifolds. 

A Riemannian almost product manifold (M, P, g) is a Riemannian product 
manifold if it has a local product structure, i.e. the structure P is integrable. 
The Riemannian product manifolds form the class Wi © W2 from the classi- 
fication in [4] . This class is an analogue of the class of Hermitian manifolds 
in almost Hermitian geometry. 

The class Wi from the Staikova-Gribachev classification contains the man- 
ifolds which are locally conformal equivalent to Riemannian P-manifolds. 
This class plays a similar role of the role of the class of the conformal Kahler 
manifolds in almost Hermitian geometry. We will say that a manifold from 
the class Wi is a Wi-manifold. 

The characteristic condition for the class Wi is the following 

(2 ^ F(x,y,z) = ±{g{x,y)9{z)-g{x,Py)9{Pz) 

+ g{x,z)9{y)-g(x,Pz)9{Py)}, 

where the associated 1-form 9 is determined by 6{x) = g lJ F(ei,ej,x). Here 
g 13 will stand for the components of the inverse matrix of g with respect to 
a basis {e^} of T p M at p E M. The 1-form 9 is closed, i.e. d9 = 0, if and 
only if (y x 8) y = (V^fl) x. Moreover, 9 o P is a closed 1-form if and only if 
{V x 9)Py=(V y 9)Px. _ _ _ _ 

In [4] it is proved that Wi = W3 © We, where W3 and Wq are the classes 
from the Naveira classification determined by the following conditions: 

W 3 : F(A,B,0 = ±g(A,B)9v(0, F(t,rj,A) = 0, 

W 6 : F(Z, V ,A) = ±g(Z,r } )9 h (A), F(A,B,Q=0, 

where A,B,^rj G X(M), PA = A, PB = B, P£ = Prj = -r), 9 v (x) = 
\(9{x)-9{Px)), 9 h (x) = \{9{x) + 9(Px)). In the case when trP = 0, 
the above conditions for W3 and Wq can be written for any x,y,z in the 
following form: 

W 3 : F(x,y,z) = ±{[g(x,y) + g(x,Py)]9(z) 

+ [g(x, z) + g(x, Pz)} 9(y)}, 9(Px) = -9(x), 



(2.2) 
(2.3) 



W 6 : F(x,y,z) = ±{[g(x,y) - g(x,Py)]9(z) 

+ [g(x, z) - g(x, Pz)) 9(y)}, 9(Px) = 9(x). 
In a tensor L of type (0,4) with properties 

(2.4) L(x, y, z, w) = -L(y, x, z, w) = -L(x, y, w, z), 

(2.5) L(x, y, z, w) + L(y, z, x, w) + L(z, x, y, w) = 

is called a curvature-like tensor. Such a tensor on a Riemannian almost 
product manifold (M, P, g) with the property 

(2.6) L(x, y, Pz, Pw) = L(x, y, z, w) 
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is called a Riemannian P -tensor in [7]. This notion is an analogue of the 
notion of a Kahler tensor in Hermitian geometry. 

Let S be a (0,2)-tensor on a Riemannian almost product manifold. In |4j it 
is proved that the tensor ipi(S)(x, y, z, w) = g(y, z)S(x, w)—g(x, z)S(y, w) + 
S(y, z)g(x, w) — S(x, z)g(y, w) is curvature-like if and only if S(x, y) = 
S(y,x), and the tensor tp2(S)(x,y, z,w) = ipi(S)(x, y, Pz, Pw) is curvature- 
like if and only if S(x,Py) = S(y,Px). Obviously ip2(S)(x,y, Pz, Pw) = 
4>i(S)(x,y,z,w). The tensors vri = \ipi{g), vr 2 = ^2(9), tt 3 = 1^1(9) = ^2(9) 
are curvature-like, and the tensors tt\ + 7T2, tt^ are Riemannian P-tensors. 

The linear connections in our investigations have a torsion. Let V be 
a linear connection with a tensor Q of the transformation V — > V and 
a torsion T, i.e. V x y = V ' x y + Q(x,y), T(x,y) = V x y - V y x - [x,y]. 
The corresponding (0,3)-tensors are defined by Q(x,y,z) = g(Q(x,y), z), 
T{x, y, z) = g(T(x, y),z). The symmetry of V implies T(x, y) = —T{y, x) = 
Q(x,y) - Q(y,x). 

A linear connection V' on a Riemannian almost product manifold (M, P, g) 
is called a natural connection if VP = V'g = 0. If V is a linear connection 
on (M, P, g) , then it is a natural connection if and only if [5] : 

(2.7) F(x,y,z) = Q(x,y,Pz) - Q(x,Py,z), Q(x,y, z) = -Q(x, z,y). 

The curvature tensor R of V is determined by R(x,y)z = V x V y z — 
VyS7 x z — V\ x ,y] z an d the corresponding tensor of type (0,4) is defined as 
follows R(x,y,z,w) = g(R(x,y)z,w). We denote the Ricci tensor and the 
scalar curvature for V by p and r, respectively, i.e. p(y, z) = g l i R(ei,y, z, ej) 
and r = g'^ p(ei,ej). Analogously there are defined the curvature tensor R' 
the Ricci tensor p' and the scalar curvature r' for any connection V. 

Further V will stand for a natural connection on a Riemannian almost 
product manifold (M,P,g). Then it is valid the identity [8] 

R(x, y, z, w) = R'(x, y, z, w) - Q(T(x, y),z, w) - (V X Q) (y, z, w) 

(2.8) 

+ {V y Q) (x, z, w) + g(Q{x, z),Q(y, w)) - g(Q(y, z),Q(x, w)) . 

In [9j it is established that the natural connections V on a Wi-manifold 
(M, P, g) form a 2-parametric family, where the torsion T of V on (M, P, g) 
is determined by 

T(x, y,z) = ± {g(y, z)9(Px) - g(x, z)6(Py)} 
(2.9) +A {g(y, z)9{x) - g(x, z)9(y) + g(y, Pz)6(Px) - g(x, Pz)9(Py)} 
+p {g(y, Pz)9(x) - g(x, Pz)9(y) + g(y, z)9{Px) - g(x, z)9(Py)} . 

3. Curvature properties of natural connections on 

Wi-MANIFOLDS 

According to |1U| , for the torsion T of V' and the tensor Q of the trans- 
formation V — > V it is valid 2Q(x, y, z) = T(x, y, z) — T(y, z, x) + T(z, x, y). 
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Then from (f2Uj) for a Wi-manifold (M, P, g) holds 

(3.1) Q(x,y,z) = T(z,y,x). 
Having in mind (13.11) . the equality (j2.9f) implies 

Q(y, z, w) = g(y, z) { X9(w) + (/i + 0(Pw) } 

(3.2) - «,) { \6(z) + (/x + fl(Pz)} 

+</(y, Pz) {A0(Pw) + - 5 (y, Pro) {A0(Pz) + M 0(z)} , 

Q(y, z) = g(y, Pz) {APft + fin}y- {X9(z) + + #(P^)} 
+ 5 (y, z) { AO + {n + Pfl} - {X9(Pz) + fi9(z)} Py, 

where fi is determined by g(£l, x) = 9{x). According to (j3.3|) . the connection 
V', determined by the pair of parameters (A, fj,) has the form 

= V x i/ + g(x, Py) {XPQ + fin} - {\9{Py) + »9(y)}Px 
l ' K ; +5 ( 2; ,y){Arj+( / ,+ ^)PO}-{A%) + ( / i + ^)^(Py)}x. 

We denote V(z, w) = X (V' x 9) Pw + /i (Vj.0) w, P(x, u>) = A (V x 0) u; + 
(fj, + i) (VJ.0) Pw. Since VP = V'g = V's = 0, from ([321) it follows 

,„ rN ( v x<3) (z/> z ) w ) = f(y, z)C/(a;, iu) - gf(y, w)P (ar, z) 

(3.5) 

+ P2)F(aj, w) - g(y, Pw)V(x, z). 

From (|2.7h and (|3.1f) it follows Q(T(x,y), z,w) = —g(T(x,y),T(z,w)) 
which together with (|3.3|) and (|3.5|) we apply in (|2.8|) . By appropriate cal- 
culations and using the notations 

(3.6) p = XQ + (fi + i) PO, g = APfi + //fi, 

(3.7) z) = E%, z) - i {A0(y)0(Pz) + , 

(3.8) S"(y, z) = V(y, Pz) + £ {A0(Py)0(Pz) + »e(Py)0(z)} , 
we obtain the following 

Theorem 3.1. The following relation is valid 

(3.9) R = R'- ff (p,p)7ri - <7(<z, g)7r 2 - g(p,g)vr 3 - MS') - ^(5")- 
By the traces of the tensors in (13.9)) we obtain the following 

Corollary 3.2. The following relations are valid 
p(y, z ) = p'(y, z ) - {( 2 n - l )g(jp,p) + ^S' - g(q, q)}g(y, z) 

-trSg(y, Pz) - 2(n - l)S'(y, z) + S"(y, z) + S"(Py, Pz), 
t = t' - 2n(2n - l)g{p,p) + 2ng(q, q) - 2n(2n - l)trS" + 2trS", 

where S(y,z) = S(y,Pz). 
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4. Natural connections on Wi-manifolds with Riemannian 
p-tensor of curvature 

Because of V'g = VP = 0, the properties (12. 4j) and (12. 6j) are valid for 
R'. Therefore R' is a Riemannian P-tensor if and only if R' satisfies (12. 5p . 
This property is valid for the curvature-like tensors R, 7Ti, 7T2 and ir^. Then, 
according to (13, 9p . P' is a Riemannian P-tensor if and only if ipi(S') and 
ip2(S") are curvature-like, i.e. S'(y,z) = S'(z,y) and S"(y,Pz) = S"(z,Py). 
In other words, using (|3.7p and (|3.8h . it is valid the following 



Proposition 4.1. T/ie curvature tensor of V, determined by (|3.4p . is a 

Riemannian P-tensor if and only if the following conditions are valid: 

(4 ^ (i/, *) - (*, y) + 4 WWW - = o, 

1 ' V (y,z)-V(z,y) + £ {9(Py)9(z) - 9(y)9(Pz)} = 0. 

According to (|3,3p . there are valid the equalities 

(V y 6) z - (V z 9) y = (V y 9) z - (V*0) y 
(4.2) _i. { e(Py)e(z)-9(y)9(Pz)}, 

{V y d) Pz - (V z 9) Py = (V y 9) Pz - (V z 9) Py 
and then Proposition 14.11 implies the following 

Proposition 4.2. The curvature tensor of V' ; determined by (|3.4p . is a 
Riemannian P-tensor if and only if the following conditions are valid: 

u 3) A {{Vy6) z ~ {Vz6) y } + ^ + ^ v ^) Pz - Py } = °' 

■ ii {(V/) z - (V z 9) y} + \ {(V y 9) Pz - (V z 9) Py} = 0. 

The conditions (|4.3|) form a homogeneous linear system for x\ = i^J y 9) z — 
(V z 9) y, x 2 = (V y 9) Pz - (V z 0) Py with a determinant A = A 2 - [i 2 - 

Case I: A = 0. Then (|4.3p has a nonzero solution (xi, x 2 ) and for A and \x 
are possible the following three subcases: a) A = \i = 0; b) A = 0, \i = — j-; 
c) A/0, A 2 -/i 2 -^ = 0. 

Let us consider the subcase a). If R' is a Riemannian P-tensor then the 



first equation of (|4.3p implies that 9 o P is closed. Since (|4.3p has a nonzero 
solution then 9 is not closed. Vice versa, if 9 o P is closed, then, according 
to [8], R' is a Riemannian P-tensor. 

Let us consider the subcase b). If R' is a Riemannian P-tensor then the 
second equation of (|4.3p implies that 9 is a closed. Since (|4.3p has a nonzero 
solution then 9 o P is not closed. Vice versa, if 9 is closed, then the first 
equation of implies (V y 9) z - (V' z 9) y = ± {9{y)9{Pz) - 9{Py)9{z)} 
and since A = the second equality of fj4.3[) holds. Obviously, the first 
equation of (|4.3p is valid, too. Then, according to Proposition 14.11 R' is a 
Riemannian P-tensor. 

Let us consider the subcase c). Thus we have also fj, 7^ 0. If R' is a 
Riemannian P-tensor, the second equation of (|4.3|) yields that 9 and 9 o P 
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are not closed, since the system (|4.3I) has a nonzero solution. In this subcase 
Wi-manifold (M,P,g) is not belong to the classes W3 and WV Indeed, 
in the opposite case we have 6{Pz) = e9(z) (e = ±1) and therefore the 
following equality is valid 

(V„0) Pz - {V z 9) Py = e{{V y 9) z - (V z 9) y} - F(y, z, ft) + F(z, y, 0). 

Since fl22J and ([23]), it follows F(y,z,fl) = ±{g(y,z) - eg(y, Pz)} 6 (SI). 
Using the last two equalities, the system (|4.3p gets the form 

(4 4) (A + e (/x + i)) {(V y 9) z - (V z 9) y} = 0, 

( f , + e\){(V y 9)z-(V z 9)y} = 0. 

Because of A 7^ 0, A 2 — /i 2 — ^- = in the considered subcase, we have 
A + e (fi + 7^ 0, + eA 7^ 0. Then f|4.4j) implies that is closed, which is 
a contradiction. Therefore (M,P,g) £ W 3 and (M,P,g) W 6 . 

Case II: A 7^ 0. If F' is a Riemannian P-tensor then the conditions 
(|4.3p are satisfied. Since the homogeneous system has the zero solution x\ = 
X2 = in this case then 9 and 9 o P are closed. Vice versa, if 9 and 9 o 
F are closed, then (fPj) implies the equalities (V^) Pz - (V' z 0) Py = 0, 
(V^) z - (V z 9) y = i {9{y)9{Pz) - 9{Py)9(z)} and thus conditions gU 
hold. Then, according to Proposition 14.11 i?' is a Riemannian P-tensor. 

The obtained results we summarize in the following classification theorem 
for the natural connections on a Wi-manifold. 

Theorem 4.3. Let R' be the curvature tensor of a natural connection V' 
determined by (|3.4p on aWi-manifold (M,P,g). Then the all possible cases 
are as follows: 

i) If V is the connection D determined by A = \i = 0, then R' is a 
Riemannian P-tensor if and only if the 1-form 9 is not closed and 
the 1-form 9 o P is closed; 

ii) If V' is the connection D determined by A = 0, fi = — then R' is 
a Riemannian P-tensor if and only if the 1-form 9 is closed and the 
1-form 9 o P is not closed; 

iii) If V' is a connection for which A 2 — /j, 2 — ^- 7^ G\ then R' is a 
Riemannian P-tensor if and only if the 1-forms 9 and 9 o P are 
closed; 

iv) IfV'isa connection for which A^O, A 2 — /i 2 — ^ = and R' is a 
Riemannian P-tensor then the 1-forms 9 and 9 o P are not closed. 
In this case (M,P,g) <£ W 3 , (M,P,g) £ W 6 . 

Let us remark that the proposition i) of Theorem 14.31 is proved in [8] , 
where the connection D is investigated. 

In [5 J , it is introduced a natural connection V c on an arbitrary Riemannian 
almost product manifold (M,P,g). This connection, called canonical, is an 
analogue of the Hermitian connection in Hermitian geometry. Analogues of 
this connection are considered on manifolds, corresponding to the class Wi, 
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in the geometry of almost complex manifolds with Nor den metric ([H]) and 
almost contact manifolds with B-metric (|12|.|13j). In [9], it is note that V c 
on a Riemannian almost product Wi-manifold is determined by (13. 4p for 
A = 0, \x = — Therefore, for V c it is valid the condition A 2 — fi 2 — ^ 
and then the statement iii) of Theorem 14.31 holds. 

Having in mind the values of A and \x determining the connections V c , D 
and D, we obtain the following 

Proposition 4.4. The canonical connection V c is the average connection 
ofD and D, i.e. V c = \{D + D). 

5. Natural connection on a Wi-manifold with parallel torsion 

Calculating from (j2.9|) the covariant derivative V'T and applying V'g = 
V'<7 = 0, we obtain the following 

Proposition 5.1. A natural connection V' has a parallel torsion if and only 
if the 1-form 9 is parallel with respect to V'. 

By (|4.2p . (|2.2p and f|2.3[) . from Proposition 15.11 we obtain the following 

Corollary 5.2. If a Wi-manifold (M, P,g) admits a natural connection with 
parallel torsion then the 1-form 9 o P is closed. If (M,P,g) belongs to the 
class W 3 or the class Wq then the 1-form 9 is closed, too. 

Let V' be a natural connection with parallel torsion and Riemannian P- 
tensor of curvature. Then from Proposition 15.11 we have XJ = V = 0. In this 
case Proposition 14.11 implies XW = fiW = 0, where W(y,z) = 9(Py)9(z) — 
9(y)9(Pz). HW = then we obtain 9{Py) = ±9(y), i.e. (M,P,g) G W 3 or 
(M, P,g) € W 6 . Thus, we get the following 

Theorem 5.3. Let a Wi-manifold (M,P,g) admits a natural connection 
V' with parallel torsion and Riemannian P-tensor of curvature. Then the 
all possible cases are as follows: 

i) X = fJl = Q, W^O, i.e. V = D, (M,P,g) £ W 3 , (M,P,g) 

ii) A = ix = 0, W = 0, i.e. V = D, (M, P,g) G W 3 or (M, P,g) 6 W 6 ; 

iii) A = 0, fi 7^ 0, W = 0, i.e. V belongs to the 1-parametric family 
determined by (J33J) for A = 0, (M, P, g) G W 3 , (M, P, g) G W 6 ; 

iv) A 7^ 0, fj, = 0, W = 0, i.e. V belongs to the 1-parametric family 
determined by (|331) for fi = 0, (M,P,g) G W 3 , (M,P,g) G W 6 . 
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